Light scalars (as the axion) with mass m ∼ 10 −22 eV forming a Bose-Einstein condensate (BEC) exhibit a Jeans length in the kpc scale and were therefore proposed as dark matter (DM) candidates. The treatment we present here is independent of the particle physics model and applies to all DM BEC. Two observed quantities crucially constrain DM in an inescapable way: the average DM density ρDM and the phase-space density Q. The observed values of ρDM and of Q in galaxies today, constrain both the possibility to form a BEC and the DM mass m. These two constraints robustly exclude axion DM that decouples just after the QCD phase transition. Moreover, the value m ∼ 10 −22 eV can only be obtained with a number of ultrarelativistic degrees of freedom at decoupling in the trillions which is impossible for decoupling in the radiation dominated era. We conclude that the axion cannot be the DM particle. However, the axion may be a relevant source of dark energy through the zero point cosmological quantum fluctuations.
Hence, in BEC dark matter one should have m ∼ 10 −22 eV (2) in order to reproduce the observed galactic structures. The same requirement for non-BEC dark matter gives m in the keV scale, that is warm dark matter [3] . BEC of alkali atoms, BEC of molecules and BEC of magnons have been observed experimentally in the laboratory [4] .
In a BEC a sizeable fraction of the particles is in the zero momentum state while the rest is on excited states. We call ρ 0 the zero-momentum comoving contribution to the mass density. The contribution from the excited states ρ − ρ 0 follows as usual by integrating the distribution function. For particles decoupling ultrarelativistic (UR), the distribution function is a function of the covariant momentum p divided by the covariant decoupling temperature
When the particles became nonrelativistic, we thus have
The DM density ρ must reproduce the observed average DM in the universe Ω DM ρ crit . Hence,
Therefore, the DM particle mass m can be related to
The comoving squared velocity < v 2 > can be expressed anagously as
The BEC does not contribute to the integral in the numerator because of the extra p 2 factor which vanishes at p = 0.
Besides the DM density, it is very useful to consider the DM phase-space density
where σ 2 is the velocity dispersion given by σ 2 =< v 2 > /3 and we used eqs. (4) and (7). The value of Q given by eq. (8) is valid after decoupling and before structure formation when Q is invariant under the universe expansion.
From eqs. (6) and (8) we express m and T d /T c in terms of Q, U and V as m = 2
.
g d ∼ 25 corresponds to DM decoupling just after the QCD phase transition as it is the case for axions. The phase-space density Q is a constant in the absence of self-gravity. Q can only decrease by collisionless phase mixing or self-gravity dynamics [7, 8] . That is, Q −1 behaves as an entropy that can only increase or stay constant during the universe expansion. Therefore, necessarily Q today ≤ Q.
Q today has been well measured by different galaxy observations and it is galaxy dependent. Q today is the largest for ultracompact dwarf galaxies and the smallest for large and dilute spiral galaxies [9] . From the compilation of well established sets of galaxy data in Table 1 of ref. [10] we have
For decoupling at thermal equilibrium (TE) we have from eqs. (3) and (7), U T E = 2 ζ(3) = 2.404114, V T E = 24 ζ(5) = 24.88627 and eq.(9) yields
TE .
Therefore, from eqs. (11) and (10) the condition Q ≥ Q today implies
, m ≥ 1.55 MeV 25 g d 5 3 , TE .
We see that for g d ∼ 25, is always T d > T c and hence no BEC forms for TE decoupling.
If one requires T d ≤ T c , eq.(12) yields a very large value
This requires particle models possesing a huge number of particle states and where DM decouples well above the electroweak scale. Recall that at the TeV scale in the standard model of particle physics, g d ∼ 100 [6] . In addition, for g d = 1020 eq.(12) yields m > 3.21 keV , BEC, TE .
For decoupling out of TE we recall that typically, thermalization is reached by the mixing of the particle modes and the scattering between particles which redistribute the particles in phase space: the higher momentum modes are populated by a cascade whose wave front moves towards the ultraviolet akin to a direct cascade in turbulence, leaving in its wake a state of nearly local TE but with a temperature lower than that of equilibrium [11] . Hence, when the dark matter particles at decoupling are not yet at thermodynamical equilibrium, their momentum distribution is expected to be peaked at smaller momenta than in the TE case since the ultraviolet cascade is not yet completed [11] . Therefore, the distribution function at decoupling out of TE can be written as
where ξ = 1 at TE and ξ 1 before thermodynamical equilibrium is attained. f 0 ∼ 1 is a normalization factor and p 0 cuts the spectrum in the ultraviolet region not yet reached by the cascade. The distribution function eq.(15) yields for U and V through eqs. (3) and (7),
Then, from eq.(9) the condition Q ≥ Q today implies for decoupling out of TE: 
out of TE .
We conclude that:
• BEC DM decoupling at thermal equilibrium requires a particle model with a huge number g d ≥ 1020 of particle states ultrarelativistic at DM decoupling [eq. (13)]. For g d = 1020 the particle mass must be m > 3 keV [eq. (14)], that is, twenty-five orders of magnitude larger than the appropriate BEC mass value eq.(2).
• BEC DM decoupling out of thermal equilibrium requires for g d ∼ 25 a particle mass m of at least 14 eV [eq. (17)].
That is, at least twenty-three orders of magnitude larger than the appropriate BEC mass value eq.(2).
From eq.(1) the Jeans lengths corresponding to the above cases eqs. (14) and (17) are:
λ J (keV) = 2.2 × 10 4 km for TE , λ J (10 eV) = 3.9 × 10 6 km for out of TE .
These values are unrealistically small by eleven to thirteen orders of magnitude [see eq.
(1)] in order to form the observed galaxy structures. Namely, DM structures of all sizes above these minuscule Jeans lengths will be formed in contradiction with astronomical observations. These values are even worse than the cold DM Jeans length which is ∼ 3 × 10 12 km. Therefore, BEC particle masses compatible with the DM average density and the DM galaxy phase-space density constraints, namely m > 3 keV (TE) and m > 14 eV (out of TE), have exceedingly small Jeans lengths which strongly disfavour BEC DM.
If one requires the DM BEC particle to take the value eq.(2) appropriate for galaxy structures, one finds from eqs. (12) and (17) that g d must take the values
These gigantic values of g d are totally impossible for decoupling in the radiation dominated era. In the case DM stays ultrarelativistic till today, eq.(4) for the DM density becomes
This equation is valid both in the BEC case and in the absence of a BEC. For out of thermal equilibrium decoupling we have from eq.(15) that W out T E < W T E = π 4 /15. We thus obtain from eqs. (5) and (18), g
. This equation cannot be satisfied since it must always be g d ≥ 2 due to the existence of the photon. Therefore, scalar particles which are ultrarelativistic today cannot describe the DM.
The treatment we presented here is independent of the particle physics model describing the DM particle and applies to all DM BEC. All the results found here only follow from the gravitational interaction of the particles, their bosonic nature and the robust DM observational constraints from the average DM density ρ DM and the DM phase-space density Q.
The main DM candidate for a scalar particle forming a BEC condensate is the axion [12] . In the usual scenario of DM axions, axions decouple soon after the QCD phase transition (g d ∼ 25) and then they are assumed (i) to become nonrelativistic, (ii) to thermalize and (iii) to form a BEC [2] . (Ref. [13] recently criticized this scenario). Hence, the bound eq.(12) clearly shows that no DM axion BEC can be formed. Moreover, present experimental limits leave as available window for the axion mass 6 × 10 −6 eV < m a < 2 × 10 −3 eV [2] . This window disagrees by many orders of magnitude both with the galaxy phase-space density constraint eq. (12) and with the Jeans length constraint eq. (1) in order for the axion to be DM. The existence of the axion particle is well motivated from QCD [12] . But, as we see, the axion cannot be the DM particle. The two observable ρ DM and Q robustly constrain T d /T c and m in an inescapable way ruling out BEC DM in general and BEC axion DM in particular. However, the axion may play a crucial role in cosmology. The observed dark energy density ρ Λ = (2.35 meV) 4 indicates an energy scale in the meV = 10 −3 eV. This energy value is in the allowed window of axion masses. Therefore, the axion may be the source of the dark energy through the zero point cosmological quantum fluctuations as proposed in ref. [14] .
